Abstract. The ground-state properties of one-dimensional electron-spin-polarized hydrogen 1 H, deuterium 2 H, and tritium 3 H are obtained by means of quantum Monte Carlo methods. The equations of state of the three isotopes are calculated for a wide range of linear densities. The pair correlation function and the static structure factor are obtained and interpreted within the framework of the Luttinger liquid theory. We report the density dependence of the Luttinger parameter and use it to identify different physical regimes: Bogoliubov Bose gas, super-Tonks-Girardeau gas, and quasi-crystal regimes for bosons; repulsive, attractive Fermi gas, and quasi-crystal regimes for fermions. We find that the tritium isotope is the one with the richest behaviour. Our results show unambiguously the relevant role of the isotope mass in the properties of this quantum system.
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Method
We use the diffusion Monte Carlo method [20, 21] to study one-dimensional hydrogen 1 H, deuterium 2 H, and tritium 3 H at zero temperature. The Hamiltonian of the system isĤ
where x i , i = 1, N denote the positions of the N atoms. We consider exactly the same interactions for all isotopes so that the distinguishing factor is the mass m 1H = 1.00794u (hydrogen), m 2H = 2.01410u (deuterium), and m 3H = 3.01605u (tritium). The triplet
is obtained by interpolating data from highly accurate 'ab-initio' calculations by Jamieson et al. (JDW) [13] and by smoothly connecting them to an attractive r −6 tail, term that comes from the interaction of induced electric dipoles at large distances [14] . The JDW potential exhibits an attractive well with a minimum of −6.49 K at x = 4.14Å and has a repulsive hard wall at short distances. This potential was used to predict ground-state properties and stability of bulk and clusters of hydrogen, deuterium, and tritium [22, 23, 24, 25] . We study the 1D homogeneous system by applying periodic boundary conditions to a box of length L. We are interested in the microscopic properties of the system in the thermodynamic limit at a given linear density ρ = N/L. In the following, we stick to conventional units of Angstrom for the distance and Kelvin for the energy.
The DMC method solves in a stochastic way the imaginary-time Schrödinger equation of a many-particle system. To reduce the variance of the statistical estimations the method works with importance sampling. This technique, which is widely used in any Monte Carlo calculation, relies in the present case on the introduction of a guiding wave function to drive the sampling to regions where one reasonably knows that the statistical weight is higher. In our study, we use a Jastrow correlation factor Ψ B for bosons and Ψ F for fermions, given by
In Eq. (2), f 2 (x) is chosen as the two-body scattering solution at short distances, x < R par , and follows the phononic asymptotic law | sin(πx/L)| 1/K par at large distances [26, 27] , x > R par . We note that the guiding wave function (2) becomes exact in the limit of low densities, when both the short-range and long-range parts become equal to f 2 (x) = | sin(πx/L)|. This limit describes a Tonks-Girardeau gas for the bosonic 1 H and 3 H isotopes and an ideal Fermi gas for the fermionic one, 2 H, since when the interparticle distance is large enough the contribution of the potential energy vanishes and then the energy is fully kinetic. There are two variational parameters in the guiding wave function (2), namely R par and K par . The matching distance R par is optimized by minimizing the energy in a variational Monte Carlo (VMC) calculation. The physical meaning of K par is that of the Luttinger parameter, which we chose consistently with the equation of state. All the calculations are performed with N = 20 particles which proved to be enough for reaching a reasonable description of the thermodynamic limit in one dimension. Finally, we worked with pure estimators [28] for the calculation of the static structure factor and pair distribution function in order to eliminate any residual bias coming from the guiding wave function.
Results
The energy and diagonal properties of the three hydrogen isotopes are independent of the statistics and/or polarization of the atoms due to Girardeau's mapping [3] . The mapping relies on having both a one-dimensional system and hard-core interactions, conditions that 1D hydrogen, deuterium, and tritium satisfy. According to Girardeau's mapping, there is a simple relation between fermionic Ψ F and bosonic Ψ B wave functions, namely Ψ B = |Ψ F |. As the interatomic potential is the same for the three isotopes, the mass is the crucial factor that controls their different behaviour.
In Fig. 1 , we report the density dependence of the ground-state energy for all three isotopes. The energy per particle is a monotonously increasing function of the density. No local minima in the energy are found, so none of the isotopes is able to form a self-bound liquid phase. It is worth noticing that tritium, having the largest mass, exhibits a tendency to form an inflection, as one can see in Fig. 1 . In fact, in three dimensions bulk tritium at zero temperature is a liquid with an equilibrium density ρ 0 = 0.0075Å −3 [29] . Nevertheless, there are distinct physical regimes which can be identified from the equation of state and the distribution functions. In the dilute limit, ρ → 0, the energetic and diagonal properties are that of an ideal Fermi gas (IFG) for all three isotopes. The energy of the IFG has a quadratic dependence on the density,
and appears as a straight line on the double logarithmic plot of Fig. 1 . In this density range, it is the same as the energy of the TG gas. For intermediate densities, around ρ ∼ 0.05Å −1 , deuterium and tritium behave like Bose gases, tritium being the one with the more marked behaviour, see Fig. 2 . Around this density, the attractive long-range part of the interaction contributes significantly to the potential energy. As a result, the total energies of 2 H and 3 H are below the energy of the ideal Fermi gas. Instead, the energy of hydrogen 1 H is always larger than the ideal Fermi gas one. The deviations from the Tonks-Girardeau/ ideal Fermi-gas regime can be analyzed using scattering theory. The rapid long-range decay of the interatomic potential permits to describe it at low densities with the scattering phase shift or the s-wave scattering length a s . In Fig. 3 we report the dependence of a s on the mass of the atom. For hydrogen the s-wave scattering length is positive, a 1H = 0.70Å, making the interaction Figure 1 . Log-log plot of the equation of state (EoS) for the three isotopes of hydrogen: hydrogen (upper curve), deuterium (middle curve), and tritium (lower curve). Circles, DMC energy; dashed lines, guide to an eye; solid lines in the dilute regime, energy of hard-rod gas, Eq. (4) with corresponding s-wave scattering length and isotope mass; dashed line at high densities, energy of the classical crystal, E IC /N Eq. (5). We indicate the ideal Fermi gas (IFG) and classical crystal (CC) areas by shaded areas.
effectively similarly to that of hard rods (HR) or super-Tonks-Girardeau branch in contact-interacting gases. At the same time, the small value of a 1H s means that the deviations from the Tonks-Girardeau energy will be relatively weak. For deuterium the s-wave scattering length changes sign and is equal to a 2H s = −3.69Å. The negative value makes the interaction potential be similar to that of the contact interaction, V (x) = gδ(x), with the usual 1D relation between the coupling constant g and the s-wave scattering length g = −2
2 /(ma s ) > 0. The large value of the s-wave scattering length suggests that the deviations from the ideal Fermi gas will happen at much smaller values of the density. For the tritium the density dependence will become very prominent as the s-wave scattering is very large, a 3H s = −45.0Å. Indeed, the tritium mass is very close to the threshold value m = 3.27u at which a bound state enters.
The equation of state of a hard-rod gas is obtained from the energy of the ideal Fermi gas, Eq. (3) by subtracting the excluded volume of the hard rods Na s > 0 from the system size, L → L − Na s , resulting in [3] E
Interestingly, Eq. (4) also describes the energy of a dilute gas with a s < 0, i.e. for Figure 2 . Comparison of the energy per particle for the three hydrogen isotopes normalized by the energy of the corresponding ideal Fermi gas. Symbols, DMC energy (hydrogen, deuterium, tritium from top to bottom); solid lines connecting symbols, guide to an eye. In the limit ρ → 0 we recover the energy of an ideal Fermi/TonksGirardeau gas, shown by a solid horizontal line E = E IFG , where E IFG is given by Eq. (3) with the corresponding isotope mass. Dashed lines in the dilute regime show the energy of hard-rod gas, Eq. (4) with corresponding s-wave scattering length and isotope mass.
the contact interaction Lieb-Liniger gas. Its equation of state can be obtained from Bethe ansatz approach and coincides with Eq. (4) even if the s-wave scattering length has an opposite sign, compared to hard rods with a s > 0, making "excluded volume" correction effectively "increase" the available phase space, L → L + N|a s |. Physically such a coincidence reflects the continuity of the Lieb-Liniger and super-Tonks-Girardeau branches with the differences appearing only in O((ρa s ) 3 ) terms in Eq. (4) where the effective range of the potential enters which is different for the contact-and hard-rod potentials [30] .
By comparing the DMC results with Eq. (4) we find a perfect agreement. As expected from Eq. (4), the departure from the ideal Fermi gas behavior, corresponding to straight lines in Fig. 1 happens at smaller density for tritium and at the largest density for hydrogen. The corrections are best observed by analyzing the ratio of the energy and the energy of the ideal Fermi gas, E/E IF G , shown in Fig. 2 . The deviations from the IFG value are positive for hydrogen (hard-rod or super-Tonks-Girardeau type) and negative for deuterium and tritium (Lieb-Liniger type). For even larger densities, the repulsive part of the potential makes the system become more rigid and leads to a rapid increase in the energy. At ρ ∼ 0.11Å −1 for deuterium and ρ ∼ 0.16Å −1 for tritium, the energy per particle becomes larger than that of the IFG and, if the density is increased even more, the energy diverges quickly. These effects can be conveniently seen in Fig. 2 where we plot the energy in terms of the energy of the ideal Fermi gas.
For high densities, for example ρ = 0.3Å −1 , the total energy is dominated by the potential energy of the hard-core repulsion and the harmonic crystal theory can be applied. We note that it is an unusual feature of one-dimensional physics that while strictly speaking the system always remains in a gas phase, its properties still might be correctly described by a crystal. The quasi-crystal description is applicable to one-dimensional gases interacting with dipolar [31, 32, 33] , 1/r 2 [34] and Coulomb [35] potentials. The harmonic crystal energy E HC is computed as the sum of the potential energy of a perfect crystal E IC and the zero-point motion
where ℓ BZ is the size of the first Brillouin zone. The excitation spectrum is obtained 
We find that the high-density regime can be described by the harmonic crystal approach. It is interesting to note that at comparable densities, one-dimensional helium cannot be yet approximated by the HC theory [36] . In fact, HC approach is applicable when the repulsive hard-core part of the interaction potential provides a much larger contribution than the attractive tails. The dominant contribution comes from the potential energy of a perfect classical lattice and depends only on the interaction potential V (x) and is thus mass independent. This is the reason why the equations of state for all isotopes approach each other for high densities. By keeping only the exponential repulsive core in the interaction potential, V (x) = V 0 exp(−κ|x|), we find that the energy at high densities diverges as
There are two types of correction to Eq. (7). The first has a classical nature and comes from the attractive tail of the interaction potential. This correction is negative and is mass independent. The second correction has a quantum nature and corresponds to the energy of the zero-point motion. This correction is positive and has a weak 1/ √ m dependence on the isotope mass, see Eq. (18) . The structural properties change significantly across different physical regimes.
In the following, we analyze the behaviour of the two-body distribution function g(r) and the static structure factor S(k).
In the very dilute limit, the two-body distribution function, which is proportional to the probability to find two particles at distance x, approaches that of an ideal Fermi gas, given by
where the Fermi wave number is k F = πρ. For the fermionic 2 H isotope it is quite natural that at low densities the Friedel-like oscillations are formed at the Fermi wave number. Still, even for the bosonic 1 H and 3 H isotopes the oscillations appear again at k = k F , as the hard-core repulsion plays the role of an effective Pauli exclusion principle, resulting in g(0) = 0. While the Fermi energy depends on the isotope mass, the Fermi wave number k F is entirely fixed by the density. By rescaling distances in units of the linear density, the distribution functions of all three isotopes coincide for ρ → 0 and reproduce g IFG (x), Eq. (8). We report g(r) for an intermediate density in Fig. 4 . Friedellike oscillations for 1 H and 2 H are visible as peaks centered at distances ρr = 1, 2, . . ., physically corresponding to multiples of the average interparticle distance. Out of all isotopes, bosonic 1 H has the highest peak, which is above the IFG/TG value. Such strong correlations are manifestations of the super-TG regime (a similar effect is also seen in the energy, Fig. 2) . Fermionic deuterium 2 H experiences Friedel-like oscillations, while the height of the peak is below the max k S(k) = 1 value of the IFG gas, because at this density 2 H starts to depart from the IFG model (see Fig. 2 ) showing a behaviour typical to an attractive Fermi gas. The most dramatic effect of the isotope mass is observed for bosonic 3 H, where the Friedel-like oscillations are not visible at all at this density. Instead, the attractive part of the interaction together with the large mass make tritium behave similarly to a weakly interacting Bose gas. In fact, the shapeless structure of g(r) is typical to Bogoliubov theory of a weakly interacting Bose gas. It is interesting to note, that in tritium there is an enhanced probability to find two atoms at short distances. This can be formally shown by recalling that the static structure factor is related by Fourier transform S(k) = 1 − e ikr (g(r) − 1)dr to the g(r). Due to phononic low-lying excitations, S(k = 0) = 0, resulting in the condition that the area between the correlation function and the long-range asymptotic value must be preserved, (g(r) − 1)dr = 1. From that it immediately follows that that the long-range suppression in g(r) for tritium results in an enhanced probability to find two-particles at short distances compared to the other isotopes.
The short-range behavior is dominated by the hard-core repulsion. In Fig. 5 we show the two-body distribution functions on a linear scale. The atoms cannot approach each other to distances smaller than few Angstroms. This induces strong quantum correlations in the ground state. The larger the density is, the larger is the potential energy. In a certain sense the system becomes more classical. The amplitude of the Friedel-like oscillations becomes larger and the atoms get more localized. Note that the Friedel oscillations appear on the scale of the 1/k F and are best seen when two-body distribution function is analyzed as a function of ρx, like in Fig. 4 . Instead, units of ρÅ are appropriate for studying the short-range behavior of g(x) while for the smallest reported densities the Friedel oscillations appear at distances larger than reported in Fig. 5 . A quasi-crystal is eventually formed with the density profile of atoms at the equilibrium positions being almost Gaussian. The lower mass of hydrogen results in a larger kinetic energy compared to the other isotopes and so the Gaussian distribution around the equilibrium positions is wider. On the contrary, the peaks are the sharpest for tritium which has the heaviest mass. The largest mass of tritium makes it effectively more classical at very high densities compared to other isotopes; its equation of state is closest to the classical prediction, see Fig. 1 .
Quantum fluctuations destroy diagonal long-range order, even at zero temperature, and then no true crystal can be formed. This can be deduced from the Luttinger liquid theory, which provides the following long-range expansion of the two-body distribution function [27] 
where K is the the Luttinger parameter and A ℓ are coefficients. The amplitude of oscillations decays as a power law at large distances and no true crystal is formed. The Luttinger parameter K, which serves as an input characteristic for the phenomenological Luttinger liquid approach, and the A ℓ coefficients can be obtained only from a full many-body description which in our work is done by means of the diffusion Monte Carlo method. The Luttinger parameter K governs the long-range properties of the system. Furthermore, its knowledge permits to exploit effective Hamiltonian theories and to extract important information on how the system behaves when an external field is applied. For example, for K < 1 the system gets pinned by a single impurity [37] and no transmissibility is possible through a weak link [38, 39] ; for K < 3/2 the random disorder induces localization [40, 41] ; for K < 2 a commensurate optical lattice induces transition to a Mott-insulator phase [42] . In the following, we extract the Luttinger parameter K from the static structure factor S(k). The density dependence of the static structure factor S(k) is shown in Fig. 6 for the three isotopes. In the ultra-dilute regime it has the ideal-Fermi gas shape, with a linear low-momentum slope extending up to |k| = 2k F and followed by a constant S(k) = 1 value for larger momenta. At higher densities, the low-momentum behavior remains linear in k and can be written as
where c is the speed of sound. For the ideal Fermi gas the speed of sound is given by the Fermi velocity c = v F = πρ/m. The linear behavior (10) at small k reflects the presence of phonons as, according the spectrum. This eventually justifies the use of the Luttinger liquid theory which applies when the low-energy spectrum is gapless and linear. For 1 H, the low-momentum slope once expressed in natural units of v F decreases monotonously with the density, as can be appreciated from Fig. 6a . Together with an immediate formation of a peak at |k| = 2k F this suggests that the hydrogen behaves similarly to a repulsive Fermi gas. Instead, for deuterium and tritium (see Figs. 6b-c) the slope first increases for densities up to ρ ∼ 0.03Å −1 and decreases later. The initial increase in the slope is followed by the disappearance of the kink at |k| = 2k F for 3 H and a smooth featureless dependence on the momentum, typical for an interacting Bose gas. Further increase in the density leads to formation of diverging peaks for all three isotopes, characteristic of the quasi-crystal regime. The height of ℓ-th peak diverges as S(2ℓk F ) = A ℓ N 1−2ℓ 2 K as can be obtained from Fourier transform of Eq. (9). Instead, for a true crystal the height of the peak grows linearly with N. Therefore, what we obtain in 1D is a weaker divergence with N characteristic of a quasi-crystal.
We calculate the Luttinger parameter K = v F /c by extracting the speed of sound from the slope of the static structure factor
It can also be obtained from the fit to the two-body distribution function Eq. (9) and we verified that consistent values are obtained. Figure 7 shows the density dependence of the Luttinger parameter K. Its knowledge permits us to distinguish different physical regimes. While the system always remains in the non-superfluid non-condensed gas Figure 6 . Static structure factor comparison for the three isotopes at different densities. Top (5a) is for hydrogen, middle (5b) for deuterium and bottom (5c) for tritium. The different colours reflect the different densities.
1 H, 2 H and 3 H 13 phase, still there are physically different regimes. The 1 H atoms, being the lightest isotope, manifest the strongest quantum effects originating from the largest quantum fluctuations. As the density is increased, being a boson, it passes from the TG gas regime, K = 1, to super-TG gas, 1/2 < K < 1, and eventually to the quasi-crystal regime, K < 1/2. In this case, the density dependence of K is monotonous. The 2 H isotope is a fermion and it passes from ideal fermions, K = 1, to the attractive Fermi gas regime, K > 1. At higher densities there is a non-monotonous dependence of K, so that at some critical density (ρ ≈ 0.07Å −1 ) the gas again has the same Luttinger parameter as in an ideal Fermi gas. This means that as far as the long-range response is concerned, it is similar to that of ideal fermions. Also the renormalization group (RG) conclusions concerning the behavior of the system in presence of an external field of a certain type remain the same as for an IFG. On the other hand, while the oscillations in the two-body distribution function g(x) decay with the same power-law, the amplitudes A ℓ of oscillations in Eq. (9) are different. At even larger densities, the correlations are stronger than in the IFG similarly to a repulsive Fermi gas. For very large densities deuterium enters the quasi-crystal regime, in which we can note that the difference between different isotopes becomes relatively small. The 3 H isotope is the heaviest one and it possesses, probably, the most interesting phase diagram. In this case the region of a TG gas is greatly reduced and is reached at densities much smaller compared to other isotopes. As the density is increased, tritium starts to behave similarly to a Bogoliubov gas of weakly interacting bosons. The large maximal value of the Luttinger parameter in tritium, as compared to other isotopes, is a consequence of being close to the formation of a bound state, see Fig. 3 . This is consistent with the equation of state exhibiting tendency to form an inflection, at which point compressibility and the Luttinger parameter go to infinity. In the point where the bound state enters, its energy is equal to zero, which is reminiscent of an ideal Bose gas with K → ∞. Interestingly, the maximal value of the Luttinger parameter, reached at ρ ≈ 0.3Å −1 , is above both the critical value of the localization in random disorder, K = 3/2 [40, 41] and the critical value for the pinning transition in commensurate optical lattices, K = 2 [42] . Together with super-TG and quasi-crystal regimes at high densities, this makes the physical description of the accessible regimes very rich.
Discussion
It is instructive to compare the properties of hydrogen with those of other gases confined to a one-dimensional geometry. The interactions between dilute alkali gases can be well approximated by a delta pseudopotential resulting in the Lieb-Liniger model [43] , which features a crossover from the weakly-interacting Gross-Pitaevskii regime (K → ∞) to the Tonks-Girardeau gas (K = 1). This crossover was experimentally observed [7, 6, 44, 9] by tuning the interaction strength using the Olshanii confinement induced resonance (CIR). The super-Tonks-Girardeau regime with K < 1 corresponds to a metastable state which was experimentally realized by a fast sweep across the CIR [8] . The energetic properties of mesoscopic two-component Fermi gases with a tunable s-wave interaction were measured using RF spectroscopy [45, 46] . Bosons, interacting with a non-integrable repulsive interaction at short distances have the same energetic properties as fermions with the same interaction, according to Girardeau's mapping. As a result, dipoles [31, 47, 32] and hard rods [48, 49] form a TonksGirardeau/ideal Fermi gas at small density, pass through super-Tonks-Girardeau phase and form a quasi-crystal at large densities. On the opposite, for Coulomb charges, the Wigner quasi-crystal is formed at low densities and TG/IFG at large ones [35, 50] . Calogero-Sutherland model permits to access all regimes with K > 0 [34] .
As concerning a comparison with other light elements, helium also has an interaction potential of van der Waals type. For 4 He data are available only for selected densities in narrow quasi-1D nanopores, correspoding to quasi-crystal regime [51, 52, 53] . The density dependence of the Luttinger parameter in 3 He in 1D [36] is overall quite similar to that of deuterium and tritium, with a similar location of the maximum, at ρ ≈ 0.05Å −1 . We find that the hydrogen, being the lightest atom in the periodic shows a dramatic dependence on the isotope mass.
Conclusions
To conclude, we studied how the ground-state properties of one-dimensional hydrogen are affected by the isotope mass. The limit of ultra-low density corresponds to an ideal Fermi gas for Fermi-Dirac statistics and to a Tonks-Girardeau gas for Bose-Einstein case. At high density, a quasi-crystal is formed as manifested by strong oscillations in the two-body distribution function g(r) and diverging peak in the static structure factor S(k). We extract the Luttinger parameter K from the linear behavior of S(k) when k → 0. Based on a specific value of K we define different physical regimes including Tonks-Girardeau, Bogoliubov Bose, super-Tonks-Girardeau gases and quasi-crystal for bosons; and ideal Fermi gas, attractive and repulsive Fermi gas, quasi-crystal regimes for fermions. A peculiarity of one-dimensional hydrogen is that due to Girardeau's mapping for hard-core interactions, the energy and diagonal properties depend rather on mass and not on the Bose-Einstein or Fermi-Dirac statistics. The isotope mass plays a non-straightforward role making the three species intrinsically different: the resulting s-wave scattering length a s is positive for 1 H leading to positive corrections to TonksGirardeau energy (hard-rods or super-Tonks-Girardeau type); a s is negative for 2 H and 3 H causing negative corrections (Lieb-Liniger type). The most significant differences are observed in the case of tritium, where the mass is close to the value needed to form a bound state, causing large maximal values of the Luttinger parameter. Supercomputación) is acknowledged for the provided computational facilities.
Appendix: Harmonic crystal theory
A quasi-crystal is formed in the high-density regime. Its energy can be compared to that of a perfect crystal with particle position equally separated, x n = n/ρ:
The excitation spectrum ω(k) can be obtained within harmonic crystal theory as a summation of the Hessian matrix over the perfect lattice
The correction to the energy (14) can be obtained by integrating the phonon energy ω(k)/2 over the first Brillouin zone (BZ)
For the JDW potential, the summation (12-13) and integration (14) can be performed numerically. Alternatively, for extremely large densities where the repulsive part of the interaction potential becomes dominant, some useful expressions can be obtained analytically. The strong repulsion at short distances (|x| 2Å) can be approximated by an exponential wall
with V 0 = 4.73 × 10 5 K and κ = 2.52Å −1 . The ground-state energy of a classic crystal (12) is the sum of the potential energy over a perfect lattice
as we report in Eq. (7) The excitation spectrum is 
The spectrum is linear at small momenta, ω(k) = c|k|, is defined on the first Brillouin zone, −πρ < k < πρ, and is a periodic function. Finally, the energy correction (14) due to phonons is 
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